We present a variant of Shelah's proof of the Hales-Jewett theorem. c 2006 Elsevier Ltd. All rights reserved.
nonnegative integers m < n. Given two positive integers and n, G( , n) denotes the set of all functions g such that dom (g) and ran(g) ⊆ n. For g ∈ G( , n), X ( , n, g) denotes the set of all x ∈ n such that x dom(g) = g and x is constant on l \ dom(g).
The Hales-Jewett theorem asserts that given two positive integers n and c, there exists a positive integer with the property that for every V : n −→ c, there is g ∈ G( , n) such that V is constant on X ( , n, g). We let HJ(n, c) denote the least such .
Given a set b and a nonnegative integer r, [b] r denotes the set of all size r subsets of b. Ramsey's theorem states that given three positive integers t, r and k with t ≥ r , there exists an integer m ≥ t with the property that for every
To make our proof of the Hales-Jewett theorem easier to follow, we will first see how it works in the simplest nontrivial case, that is when n = 3 and c = 2. Thus let W :
For y ∈ 2 3, defineŷ ∈ 2 2 byŷ(i ) = min{y(i ), 1}. Suppose for a while that for any y ∈ 2 3,
To find (a 1 , a 2 , a 3 , a 4 ) as desired, we proceed as follows. For α = 0, 1, 2, let
Furthermore for β = 0, 1, let
be defined by
if y(0) ∈ {1, 2}, and
be the elements of a. Then (a 1 , a 2 , a 3 , a 4 ) is as desired.
To prove the Hales-Jewett theorem in full generality, we fix c and proceed by induction on n. It is easy to see that HJ(1, c) = 1. Given = H J(n, c), set w = (n + 1) − n , k = c w and q = R k (2 , 2 − 1). We will show that HJ(n + 1, c) < q.
Let D be the set of all d ∈ (2 +2) q such that
} with value n − 1 if j ≡ 0 mod 4, n if j ≡ 2 mod 4, and y(
2 ) otherwise. For 0 ≤ i < , let Y i be the set of all y ∈ (n + 1) such that y(i ) = n and y( j ) < n for every j < i , and define s i :
Note that the set 0≤i< Y i has cardinality , e) ). Suppose u = φ, where u = {i < : y(i ) = n}, and let u 1 , . . . , u r be the increasing enumeration of the elements of u. Set y 0 = y and define y 1 , . . . , y r ∈ (n + 1) so that for 1 ≤ j ≤ r, y j (u j ) = n − 1 and y j and y j −1 agree on \{u j }. Note that y r =ŷ. , e) ). Select g ∈ G( , n) and m < c so that V takes the constant value m on X ( , n, g). Then for every y ∈ X ( , n + 1, g), W ( f (y, e)) = W ( f (ŷ, e)) = V (ŷ) = m, so we are done.
Note that the proof gives HJ(2, c) < c + 1 (which is optimal). It should be clear from the proof that the full strength of Ramsey's theorem is not needed. (2r +2)}), where e(1), . . . , e(2 ) is the increasing enumeration of the elements of b. There must be S k ( ) ≤ x < y < m such that K (b ∪ {x}) = K (b ∪ {y}). Now set a = b ∪ {x, y}, e(2 + 1) = x and e(2 + 2) = y. Then for any i < + 1, K (a\{e(2i + 1)}) = K (a\{e(2i + 2)}).
